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In Newtonian tiieory, gravity inside a constant density static spiiere is independent of spacetime 
dimension. Interestingly this general result is also carried over to Einsteinian as well as higher order 
Einstein-Gauss-Bonnet (Lovelock) gravity notwithstanding their nonlinearity. We prove that the 
necessary and sufficient condition for universality of the Schwarzschild interior solution describing 
a uniform density sphere for all n > 4 is that its density is constant. 
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I. INTRODUCTION 



In Newtonian gravity, the gravitational potential at 
any point inside a fluid sphere is given by —M{r)/r"^^ 
for n > 4 dimensional spacetime. Now M{r) = 
J pr^^^dr which for constant density will go as pr^^^ 
and then the potential will go as p^^-'^ j ^^-'i = ^7.2 
is therefore independent of the dimension. This is an in- 
teresting general result: for the uniform density sphere, 
gravity has the universal character that it is indepen- 
dent of the dimension of spacetime. It is then a natu- 
ral question to ask, Does this result carry over to Ein- 
steinian gravity? In general relativistic language it is 
equivalent to ask, Does Schwarzschild interior solution 
that describes the uniform density sphere in four dimen- 
sions remain good for all n > 4? The main purpose of 
this paper is to show that it is indeed the case not only 
for Einstein gravity but also for higher order Einstein- 
Gauss-Bonnet (Lovelock) gravity. It is remarkable that 
this general feature holds true notwithstanding the highly 
nonlinear character of the theory. 

In static spherically symmetric fluid spacetime, we 
have two equations to handle: one is for density which 
easily integrates to give (7rr,and the other is the pressure 
isotropy equation determining gtt- So long as density re- 
mains constant, the former equation will always integrate 
to give grr in all dimensions with constant density rede- 
fined. Then we just need to make the latter equation free 
of dimension n so that the constant density Schwarzschild 
interior solution becomes universally true for all n. In 
particular it turns out that the universality condition in- 
deed implies constant density. Thus constant density is 
a necessary and sufficient condition for universality of 
the Schwarzschild interior solution for 7i > 4 not only 
for Einstein but also for Einstein-Gauss-Bonnet (EGB) 
theory. 



Higher dimension is a natural playground for string 
theory and string inspired investigations (see a compre- 
hensive review [l|). The most popular studies have been 
of higher dimensional black holes [Ij with a view to gain 
greater and deeper insight into quantum phenomena, 
black hole entropy and the well-known AdS/CFT cor- 
respondence 3. There have also been studies of fiuid 
spheres in higher dimensions j4|. We shall, however, fo- 
cus on the universal character of constant density solu- 
tion in Einstein and EGB theory and its matching with 
the corresponding exterior solution. The paper is orga- 
nized as follows. In the next section, we establish the 
universality of the uniform density solution for Einstein 
and EGB theories and demonstrate the matching with an 
exterior solution for the five-dimensional Gauss-Bonnet 
black hole. We conclude with a discussion. 



II. UNIFORM DENSITY SPHERE 

A. Einstein case 

We begin with the general static spherically symmetric 
metric given by 



(1) 



where dri^_2 is the metric on a unit {n — 2)-sphere. For 
the Einstein equation in the natural units (SttG = c = 1), 
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and for perfect fluid, — diag{p, —p, —p, ~p), we 
write 
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and the pressure isotropy is given by 
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Let us rewrite this equation in a form that readily yields 
the universal character of the Schwarzschild interior so- 
lution for all n > 4, 



e-(2." + /-AV-2^-l) + l 



-2(n - 4) Un - 1)(£^ - 1) + ^) = 0. (6) 

We now set the coefficient of (n — 4) to zero so that 
the equation remains the same for all n > 4. This then 
straightway determines without integration and it is 
given by 



-A 
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where po = '^p/ ~ ~ 2). This when put in Eq. ^ 
implies constant density. We thus obtain p = const, as 
the neceessary condition for universality of the isotropy 
equation for all n > 4. The sufficiency of constant density 
is obvious from the integration of Eq. (j3|) for p = const, 
giving the same solution as above where a constant of 
integration is set to zero for regularity at the center. Thus 
constant density is a necessary and sufhcient condition for 
universality of field inside a fluid sphere, i.e. independent 
of spacetime dimension. An alternative identification of 
constant density is that the gravitational field inside a 
fluid sphere is independent of spacetime dimension > 4. 
This universal property is therefore true if and only if 
density is constant. 

As is well known, Eq. ^ on substituting Eq. ([7]) 
admits the general solution as given by 



.•"^^ = A + 



(8) 



where A and B are constants of integration to be de- 
termined by matching to the exterior solution. This is 
the Schwarzschild interior solution for a constant density 
sphere that is independent of the dimension except for 
a redefinition of the constant density as po- This proves 
the universality of the Schwarzschild interior solution for 
aU n > 4. 

The Newtonian result that gravity inside a uniform 
density sphere is independent of spacetime dimension is 
thus carried over to general relativity as well despite non- 
linearity of the equations. That is, Schwarzschild interior 
solution is valid for all n > 4. Since there exist more 
general actions like Lovelock polynomial and f{R) than 
the linear Einstein-Hilbert, it would be interesting to see 
whether this result would carry through there as well. 
That is what we take up next. 



B. Gauss-Bonnet (Lovelock) case 

There is a natural generalization of Einstein action 
to Lovelock action that is a homogeneous polynomial in 
Riemann curvature with Einstein being the linear order. 
It has the remarkable property that on variation it still 
gives the second order quasilinear equation that is its 
distinguishing feature. The higher order terms make a 
nonzero contribution in the equation only for dimension 
> 5. The quadratic term in the polynomial is known as 
Gauss-Bonnet, and for that we write the action as 



S = / d"-x^ 



]^{R-2K + aLGB] 



(9) 



where a is the GB coupling constant and all other sym- 
bols have their usual meaning. The GB Lagrangian is the 
specific combination of Ricci scalar, Ricci, and Riemann 
curvatures, and it is given by 

yABCD 



Lgb — R? — ARabR^^ 
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This form of action is known also to follow from the low- 
energy limit of heterotic superstring theory Q . In that 
case, a is identified with the inverse string tension and is 
positive definite, which is also required for the stability 
of Minkowski spacetime. 

The gravitational equation following from the action 
© is given by 



Gi 
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where 



RRab — 2RacRb ~ '2'R'"^ Racbd 
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I.A 'Rbcde 
Now density and pressure would read as follows: 
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(rA'-(n-3)(l-e 
-(1 - e^)(-2rA' + (n - 5)(1 - e^))(13) 
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The analogue of the isotropy Eq. © takes the form 



Igb = ( H / ]Ie . \ 2 /■•'■' 1 f 

(15) 

where i/i = e''/^, e ^ = 1 — /, a = (n — 3)(n — 4)q! and 1^ 
is given by the left-hand side (LHS) of Eq. ([5]), 
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From Eq. (|13|) . we write 



-pr 



(17) 



n-2 

which integrates for p = const, to give 

<5r"-V^ + »-""V-Por""^ + fc (18) 

where fc is a constant of integration that should be set to 
zero for regularity at the center and 2p/(ri— l)(n— 2) — po 
as defined earlier. Solving for /, we get 



!-/ = !- PoGsr 



where 



POGB 
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2<5 
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So the solution is the same as in the Einstein case and the 
appropriate choice of sign is made so as to admit the limit 
a yielding the Einstein po (the other choice would 
imply poGB < for positive a). This, when substituted 
in the pressure isotropy Eq. p^ . would lead to J^; = 
in Eq. ^TE\\ yielding the solution ([8]) as before. This 
establishes sufficient condition for universality. 

For the necessary condition, we have from Eqn (jlSp 
that either 



or 
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The former straightway leads with the use of Eq. (17) 
to the same constant density solution ^T9\\ and Ie = 
integrates to Eq. ([8|) as before. This shows that uni- 
versality implies constant density as the necessary con- 
dition. For the latter case, when Eq. (22) is substituted 
in Eq. ([T6| and Ie ~ is now solved for A, we again 
obtain the same solution ([T9l) . Equation (17) again im- 
plies p = const as the necessary condition. Now ip is 
determined by Eq. (22), which means the constant A in 
solution ^ must vanish. Then the solution turns into 
de Sitter spacetime with p = —p = const, which is a par- 
ticular case of Schwarzschild solution. This is, however, 
not a bounded finite distribution. 

Thus universality and finiteness of a fiuid sphere 
uniquely characterize the Schwarzschild interior solution 
for Einstein as well as for Einstein-Gauss-Bonnet gravity. 
That is, gravity inside a fluid sphere of finite radius is uni- 
versal, i.e it is true for all n > 4 if and only if the density is 
constant and it is described by the Schwarzschild interior 
solution. It is only the constant density that gets rede- 
fined in terms of po and poGB ■ If we relax the condition of 
finiteness, it is de Sitter spacetime with p = —p ~ const. 

Our entire analysis is based on the two equations (jl5p 
and (17). Let us look at GB contributions in them. In 



the former, there is a multiplying factor to the Einstein 
second order differential operator Ie and another term 
with the factor a{f /r"^)' . This indicates that the con- 
tributions of higher orders in Lovelock polynomial will 
obey this pattern to respect quasilinearity of the equa- 
tion. The higher orders will simply mean inclusion of 
the corresponding couplings in the multiplying factor as 
well as in the second term appropriately while the cru- 
cial entities, Ie and {f /r^)' on which the proof of the 
universality of Schwarzschild solution hinges remain in- 
tact. On the other hand, Eq. (17) is quadratic in / for 
the quadratic GB action, which means the degree of / is 
tied to the order of the Lovelock polynomial. It essen- 
tially indicates that as pocs is obtained from a quadratic 
algebraic relation, similarly in higher order its analogue 
will be determined by the higher degree algebraic rela- 
tion. The solution will always be given by Eq. ([Tj. Thus 
what we have shown explicitly for EGB will go through 
for the general Einstein-Lovelock gravity. 

Since Eqs. (15-17) owe their form and character to 
quasilinearity of the EGB equation, hence the carrying 
through of the Newtonian result of universality of grav- 
ity inside a uniform density fluid sphere critically hinges 
on quasilinearity. Thus this general result will not go 
through in theories like f{R) gravity which do not in gen- 
eral respect quasilinearity. It could in a sense be thought 
of as yet another identifying feature of Einstein-Lovelock 
gravity. 

Let us now also indicate an itriguing and unusual fea- 
ture of GB (Lovelock) gravity. What happens if the mul- 
tiplying factor, 1 + 2a//r2 = in Eq. ([15])? Then the 
entire equation becomes vacuous, leaving -0 completely 
free and undetermined while = 1-1- /2a. This 
leads to p ~ —p — (n — l)(n — 2)/8q;, which is an anti-de 
Sitter distribution for a > 0. This is a special prescrip- 
tion where density is given by GB coupling a. There is 
no way to determine ■0, and so we have a case of genuine 
indeterminacy of the metric. It is because GB(Lovelock) 
contributes such a multiplying factor involving (a, r, /) 
to second order quasilinear operator, which could be set 
to zero and thereby annul the equation altogether. Such a 
situation has been studied in the Kaluza-Klein split-up of 
six-dimensional spacetime into the usual M'^ and 2-space 
of constant curvature in EGB theory Q . It gave rise to 
a black hole from pure curvature where the equations 
split-up into a four-dimensional part and a scalar con- 
straint from an extra- dimensional part. As here by flne- 
tuning a. A, and the constant curvature of the 2-space, 
the four-dimensional part was turned vacuous, and then 
the metric was, however, determined by the remaning 
single scalar equation. This was because for vacuum (the 
null energy condition implies v -\- X = Q 'm our notation) , 
there was only one free parameter to be determined for 
which there was still a scalar constraint equation. The 
solution of that gave the black hole without matter sup- 
port on In contrast, here we have two metric 
functions to be determined and there is only one equation 
remaining after the fine-tuning of density with a. Thus 
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one metric function will have to remain undetermined. 
As argued above, the form of Eq. ([T5|) will be generic 
for the Lovelock system, and hence this kind of indeter- 
minacy under the fine-tuning of parameters will also be 
generic. 



C. Matching with the exterior 

Now we would like to demonstrate matching of the 
interior with the corresponding exterior five-dimensional 
Gauss-Bonnet black hole solution 7]. In the interior, 
pressure is given by 



1 - 



2A^ 



B^r^{l-fj.)+Aa 



where 



OGB- 



(23) 



(24) 



At the boundary, r — r^, pressure vanishes, which is 
equivalent to the continuity of ^^j, and that is what we 
shall employ. Besides this, the metric should be continu- 
ous across rs. The five-dimensional Gauss-Bonnet black 
hole is given by the metric [7|, 



ds^ = F{r)dt^ 



where 



-r^ {de^ +sin2 {9) {dip^ +sin^ Wdip^ ) ) 



F{r) = 1 + —(1 - v/l + SMaM). 
4a 

Now matching g^r means [(7rr]s — which after appro- 
priate substitutions determines the mass enclosed inside 
the radius r^. 



M = ^PoGBri- 



(25) 



Further [gtt]s = and [g'u]^ = determine the con- 
stants, 



for Einstein-Hilbert action but also for the more general 
Lovelock action which is a homogeneous polynomial in 
Riemann curvature. We have explicitly shown this for 
the linear Einstein and the quadratic Gauss-Bonnet cases 
and have argued that the proof would go through for the 
general Lovelock polynomial. That is, the Schwarzschild 
interior solution describing the gravitational field of the 
constant density sphere is true for all spacetime dimen- 
sions > 4 for Einstein as well as for higher order Einstein- 
Lovelock polynomial gravity. It turns out that the neces- 
sary and sufficient condition for the universality of fluid 
sphere is that its density must be constant. Equivalently, 
universality uniquely characterizes the Schwazschild in- 
terior solution for a fluid sphere of finite radius. 

This result is obvious but perhaps not much noticed 
in Newtonian gravity as argued in the opening of the pa- 
per. It is, however, not so for Einstein-Lovelock gravity 
because of its highly nonlinear character. Yet it is car- 
ried through because the equation of motion still remains 
second order quasilinear. It is this feature that carries 
the general character of the solution into higher order 
gravity. Clearly it would not in general be carried along 
for non-quasilinear theory like f{R) gravity. Apart from 
Lovelock's original derivation of the action Q, there are 
two other characterizations of Lovelock action 

I, US- In 

, the identifying feature is the existence of the homoge- 
neous polynomial in curvatures analogus to the Riemann 
curvature whose trace of the Bianchi derivative yields 
the corresponding analogue of the Einstein tensor in the 
equation while for 10] it is the requirement that both 
metric and Palitini variations give the same equation of 
motion. Here we have yet another identifying property 
of Einstein-Lovelock gravity. Also it exhibits that the 
obvious Newtonian result is carried through in higher 
order nonlinear theories. Universality characterizes uni- 
form density for the static fluid sphere. 

The main aim of such investigations is essentially 
to probe and identify universal features of gravity for 
greater understanding and insight. Such universal fea- 
tures also provide discerning criteria for competing gen- 
ralizations of Einstein gravity. 



A^{l-B)Jl~poGBrl 



and 



B = -{1 



-1/2 



(26) 



(27) 



This completes the matching of the interior and exterior 
solutions. 



III. DISCUSSION 

We have established that the gravitational field inside 
a constant density fiuid sphere has a universal charac- 
ter for spacetime dimensions > 4. This is true not only 
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